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1. INTRODUCTION
w x1.1. This is a continuation of 13 in an effort to use algebraic group
actions to study the representations of restricted Lie algebras of Cartan
type. In this paper we study the representation theory of certain finite-di-
w xmensional Hopf algebras that arise from the construction in 13 . The
representation theory of these Hopf algebras closely resembles the repre-
sentation theory of Frobenius kernels of reductive algebraic groups in
positive characteristics.
Let G be a connected reductive algebraic group scheme over an
algebraically closed field k of characteristic p ) 0. It is well known that if
F r: G ª G is the r th iteration of the Frobenius map and G s ker F ,r r
there is a chain of normal subgroup schemes G eG e ??? eG. In earlier1 2
terminology this is equivalent to the existence of a chain of finite-dimen-
 .  .sional cocommutative Hopf algebras Dist G ; Dist G ; ??? ;1 2
 .  .Dist G , where Dist G is known as the r th hyperalgebra of the distribu-r
 .  .tion algebra Dist G of G. Let g be the Lie algebra of G and u g be its
restricted universal enveloping algebra. There exists an isomorphism of
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 .  .algebras Dist G ( u g and thus a categorical equivalence between1
modules for G and restricted g-modules. Moreover, each irreducible1
G -module is the restriction of an irreducible G-module to G . Many of1 1
the known results involving the representation and cohomology theory
of classical Lie algebras appeal to using this local]global correspondence
 w x.see 10 .
The representations of G are largely determined by the representations
 .of these finite-dimensional subalgebras Dist G of the distribution algebrar
 .  .Dist G of G. The representation theory of Dist G was first studied byr
w xHumphreys 8 . His approach lead to a new way of viewing the representa-
tions of the algebraic groups. These methods were further developed by
Jantzen. The recent proof of the Lusztig conjecture by Andersen, Jantzen,
 .and Soergel for sufficiently large primes relies on using this reduction to
the first Frobenius kernel in order to apply knowledge about the represen-
tation theory of quantum groups.
1.2. Whereas the other class of restricted simple Lie algebras, namely,
the Lie algebras of Cartan type, do not arise as the Lie algebra of an
algebraic group, one might not expect to use techniques involving algebraic
w xgroups to study these algebras. Recently, in 13 the authors constructed an
infinite-dimensional cocommutative Hopf algebra that can be viewed as an
analog of the distribution algebra of a reductive algebraic group. This
 .  .algebra D G u g was constructed by fusing the restricted enveloping
 .algebra u g of a Cartan type Lie algebra g together with the distribution
 .algebra of its automorphism group G such that u g embeds as a normal
 .  .Hopf subalgebra of D G u g . As in the case for classical Lie algebras,
 .the simple u g -modules were shown to naturally lift to a rational
 .  .D G u g -structure. Moreover, by viewing these Lie algebras in this set-
w xting we were able to prove a version of Cline, Parshall, and Scott's 2
relative injectivity theorem for Lie algebras of Cartan type and provide
some descriptions of support varieties for modules over these algebras.
One of the underlying goals of our work has been to unify the study of
reductive groups and their classical Lie algebras with the more general
study of restricted simple Lie algebras. In this process we have found it
w xuseful to adhere to the conventions and notation of Jantzen given in 10 .
It should be mentioned that in this setup one can also view the representa-
 .  .tion theory of D T u g , for T a maximal toral subgroup of G, in the
general framework of Cline, Parshall, and Scott's highest weight categories
w xinvolving quasihereditary algebras 3 . It is our hope that this approach will
interest readers in viewing these algebras, like classical Lie algebras, as
arising naturally within the context of a global representation theory.
1.3. The paper is organized as follows. In the following section we
 .  .provide a classification of simple D G u g -modules. We also show how to
LIE ALGEBRAS OF CARTAN TYPE 531
construct hyperalgebra analogs for Lie algebras of Cartan type denoted by
 .  .  .  .  .D G u g with D G u g ( u g . It is shown that every simpler 1
 .  .  .  .D G u g -module lifts to a D G u g -structure and that the simpler
 .  .  .  .D G u g - and D G u g -modules can be expressed as twisted tensorr
 . products of simple u g - and G -modules G is a maximal reductive0 0
.  .  .subgroup of G . In the third section the injective D G u g - and
 .  .D G u g -modules are studied. We show that for sufficiently large primesr
 .  .  .the injective u g -modules lift to a D G u g -structure. With this lifting0
 .  .property one can also provide a description of the injective D G u g -r
modules via twisted tensor products. In Section 4 the work on the block
 . w x  .  .theory for u g 7, 15 is generalized to the algebras D G u g andr
 .  .D G T u g . In particular formulas are provided for computing the Cartanr
 .  .  .  .invariants for D G u g and D G T u g given information about ther r
characters of simple G -modules. Finally, in Section 5 we provide a0
 .  .method for computing extensions between simple D G u g -modules.r
2. CLASSIFICATION OF SIMPLE MODULES
 .w2x2.1. Let g s X m, 1 be a graded restricted Lie algebra of Cartan
type where X s W, S, H, or K over an algebraically closed field k of
 .characteristic p and let G s Aut g . For a detailed description of these
w xLie algebras and automorphism groups we refer the reader to 18 ,
w x w x21 , and 13 . The Lie algebra g has a standard grading g s g [ ???ys
[g [ g [ g [ ??? [ g . Set nys [ g , nqs [ g , and b "sy1 0 1 t i ii- 0 i) 0
" w x qg [ n . From 21 we have G s G h U , where G is a reductive alge-0 0 0
braic group and Uq is a unipotent algebraic group. In our situation G (0
 .  .  .  .  .  .GL k if X m, 1 s W m, 1 or S m, 1 , and G ( GSP m if X m, 1 sm 0
 .  .H m, 1 or K m q 1, 1 with m s 2 r.
2.2. Let T be the maximal torus of G consisting all diagonal matrices0
in G . Moreover, let B and Bq be the Borel subgroups of G corre-0 0 0 0
sponding to the sets of negative and positive roots, respectively, with Uq0
being the unipotent radical of Bq. Furthermore, let Bq s Bq h Uq and0 g 0
Uq s Uq h Uq be closed subgroups of G. Set by s ny[ Lie B andg 0 g 0
q q  .b s Lie B . Let X T be the character group of T. We will define ang g
 . 1. w xordering on X T . Since the derived group G s G , G is a simple0 0 0
w xalgebraic group, we take T 9 s T l G , G , which is a maximal torus of0 0
G1. defined and split over the prime field. Let R be the associated root0
 . system with - being the standard ordering of weights on X T 9 i.e.,R
.m - l if and only if l y m is a sum of positive roots . Let T 0 be theR
center of G . Then T 0 is a one-dimensional torus consisting of all0
nonsingular scalar matrices contained in T. T 9 = T 0 ª T is onto k is
.algebraically closed with kernel T 9 l T 0, which is a finite group. There-
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 .  .  .  .fore, we have an induced inclusion X T : X T 9 = T 0 s X T 9 = X T 0 .
 .  .  .  .  .  .An element l, d g X T 9 = X T 0 is in X T if and only if l t s d t
for all t g T 9 l T 0. Let « be the character of T 0 defined such that0
 .  .« aI s a. Then X T 0 s Z« , which has a natural order relation. We0 0
 .  .  .now define an order relation in X T 9 = X T 0 . We say l, n « F1 0
 .m, n « if either n - n or n s n and l F m. We will take the2 0 1 2 1 2 R
 .  .  .order relation in X T as the one induced from X T 9 = X T 0 . It is
 .immediate from the definition that for l, m, n , x g X T , l F m and
 .n F x implies l q n F m q x . The set of dominant weights is X T sq
  . <  k: q4  w x.l g X T l, a G 0, ;a g R see 10, II 2.6 . In particular, we
 .  .note that X T s X T when m s 1 because R s B.q
2.3. Consider G now as an affine group scheme over k, which acts on
w xg as automorphisms of the restricted Lie algebra. In 13, Theorem 2.6 we
 .  .constructed a Hopf algebra D G u g , which is generated as an associa-
 .tive algebra by the distribution algebra D G of G and the restricted
 .enveloping algebra u g . For any closed subgroup scheme H of G let
 .  .D H be the distribution algebra of H. Note that D H is a Hopf
 .subalgebra of D G . For any restricted subalgebra l of g , the restricted
 .  .enveloping algebra u l is a Hopf subalgebra of u g . Suppose that l is
w xH-invariant. Then the same construction in 13, Theorem 2.6 yields a
 .  .Hopf algebra D H u l , which is isomorphic to the Hopf subalgebra of
 .  .  .  .  .  .D G u g generated by the subalgebras D H and u l of D G u g .
w x  .  .  .According to 13, Theorem 2.6 , u l ¨ D H u l is a normal Hopf
subalgebra.
 .  .We will consider the category C of all D H u l -modules thatDH .u l .
 .are rational H-modules when restricted to the subalgebra D H . Through-
 .  .out this paper a D H u l -module will mean a module in C unlessDH .u l .
w xotherwise indicated. As shown in 13, Sect. 2 , C is an admissibleDH .u l .
 .  .  .  .category and the embedding f : D H u l ¨ D H9 u l9 , whenever H :
H9 and l : l9, is compatible in the sense that f induces a restriction
functor f*: C ª C , which will be denoted by ResDH 9.u l 9..DH 9.u l 9. DH .u l . DH .u l .
Therefore, we have the induction functor IndDH 9.u l 9.: C ªDH .u l . DH .u l .
C , which is right adjoint to the functor f*. Since the admissibleDH 9.u l 9.
categories have enough injective objects, we will also consider the right
derived functors Ri Ind DH 9.u l 9.. For more details about induction andDH .u l .
w xadmissible categories for Hopf algebras, the reader is referred to 11, 12 .
Let F r: G ª G be the r th iteration of the Frobenius morphism. For a
 r . r w xG-module M let M be the module twisted by F 10, I 9.10 . If
H s G s ker F r, then one obtains a finite-dimensional cocommutativer
 .  .Hopf algebra D G u g from the preceding construction. These algebrasr
are analogous to the hyperalgebras for reductive groups. For H s g one
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 .  .obtains an infinite-dimensional Hopf algebra D G u g , which is like the
distribution algebra of an algebraic group. We will first define higher
 .  .cohomology modules for D G u g .
 .  y.DEFINITION. Let M be a D B u b -module. We denote0 g
H j M s R j IndDG.ug .y M . . DB .ub .0 g
 .  y.  .  y.Note that D B u b s D B u n . In particular, when M is a0 g 0
 .  .  y.D B -module, then M can be inflated to a D B u n -module by letting0 0
 y. j . j DG.ug .yu n act trivially on M. Thus, one can take H M s R Ind MDB .ub .0 g
 .for a D B -module M.0
PROPOSITION. The functor IndDG.ug .y is exact andDG .ub .0
ResDG.ug .IndDG.ug .y ( IndDG. Res DG 0 .uny. .DG. DG .un . DG . DG .0 0 0
Proof. First of all, by the transitivity of induction functors, we have
IndDG.ug .y s Ind DG.ug . IndDG 0 .ug .y .DG .ub . DG .ug . DG .ub .0 0 0
 .  .  .  y.  .  .Note that D G u g is a free D G u b -module. For any D G u g -0 0 0
 .module M not necessarily in C , M is in C if and only ifDG .ug . DG .ug .0 0
 .  y. w xyM is in C when M is restricted to D G u b . Now by 11, 3.8 ,DG .ub . 00
the induction functor Ind DG 0 .ug .y is exact. Since G s G h Uq andDG .ub . 00
 q.  .u b : D G , by the Mackey decomposition theorem for Hopf algebras
w x12, 1.9 , we have
ResDG.ug . Ind DG.ug . s Ind DG. q ResDG 0 .ug .q .DG. DG .ug . DG .un . DG .un .0 0 0
 .  .  .  .  q.Here we have used the fact that D G l D G u g s D G u n .0 0
wUsing the Mackey decomposition theorem for algebraic groups in 2,
xTheorem 4.1 , we have
ResDG. Ind DG. q s IndDUq.q ResDG 0 .unq.q .qDU . DG .un . un . un .0
DUq.  q.  q.qThe exactness of Ind follows from the fact that u n s D U ,un . 1
where Uq is the Frobenius kernel of the algebraic group Uq. Since all1
restriction functors are exact, we get the exactness of IndDG. q andDG .un .0
therefore the exactness of IndDG.ug . . Thus the first part of the proposi-DG .ug .0
tion follows. The second part is the consequence of the Mackey decompo-
w xsition theorem 12, 1.9 .
 .  y.2.4. The simple D B u b -modules are one dimensional and0 g
 .  . j .parametrized by X T . Now for each l g X T , let H l s
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j DG.ug .  .  y.yR Ind l. Observe that if M is a D B u b -module there existsDB .ub . 0 g0 g
a spectral sequence
Ei , j s Ri IndDG.ug .y R j IndDG 0 .uby.y M « Riq j IndDG.ug .y M . /2 DG .ub . DB .ub . DB .ub .0 0 g 0 g
2.4.1 .
By Proposition 2.3, IndDG.ug .y is exact. Therefore, the spectral se-DG .ub .0
 .quence 2.4.1 collapses and for j G 0,
H j M ( IndDG.ug .y R j IndDG 0 .uby.y M . 2.4.2 .  . /DG .ub . DB .ub .0 0 g
 . j . j DG 0 .For a D B -module N, let H N s R Ind N, which is isomorphic0 DB .0j .to the sheaf cohomology group H G rB , N for the reductive group G0 0 0
w x  .  y.10 . By examining the Hopf algebra structure, we have D B u b s0 g
 .  y.  .  y.  .  y.D B au n and D G u b s D G au n . The symbol a stands0 0 g 0
 w xfor the smash product of cocommutative Hopf algebras see 13 for the
. w xHopf algebra structure . By 13, Theorem 2.7 , the induction functors
DB0 .aun
y. DG 0 .aun
y.  .y yInd and Ind are exact. For each D B -module M,un . un . 0
 .  y. w xwhich is inflated to a D B u n -module, we can apply 11, 4.7 to get the0
 .  y.natural isomorphism of D G u n -modules:0
R j IndDG 0 .un
y.
y M ( R j IndDG 0 . M . 2.4.3 .DB .un . DB .0 0
 .  y.The module on the right-hand side is a D G u n -module, on which0
 y.  .  . j .u n acts trivially. From 2.4.2 and 2.4.3 , we can conclude that H M
DG.ug . j .  .y( Ind H M for j G 0. In particular, for l g X T and M s l,DG .ub .0
 .  .there exists the following isomorphism of D G u g -modules:
H j l ( Ind DG.ug .y H j l . 2.4.4 .  .  .DG .ub .0
We proceed with the following remarks:
 .  .i For each D G -module M, we have
IndDG.ug . M ( Hom q u g , M . . .DG. un .
 .The D G -module structure on the Hom set is given via the isomorphism
 q.u n
qHom u g , M ( Hom u g , M : Hom u g , M . .  .  . .  .  .un . k k
  . .  .The vector space Hom u g , M is a D G -module using the right adjointk
 .  q.  .action on u g and the fact that u n is D G -invariant.
 . qii A G -module M can be extended to G by letting U act on M0
w x DG. w qxtrivially. Then by the tensor identity 16 we have Ind M ( M m k UDG .0
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 .as D G -modules. By applying Proposition 2.3, we have
DG.ug . DG. qw xyInd M ( M m Ind k ( M m k U . .DG .un . DG . .D G0 0
Since G is a reductive group, let W be the Weyl group corresponding to0
 .  . j .G , T . Then by 2.4.4 these new cohomology modules H l satisfy0
several well-known properties:
 .  . j .iii Kempf's vanishing theorem: If l g X T , then H l s 0 forq
j ) 0.
 .  . 0 .iv Borel]Weil]Bott theorem: For l g X T , H l / 0 if and
 .only if l g X T ;q
k q
v   . <  : 4Let C s l g X T 0 F l q r, a F p, a g R . If l gZ
 .  .C with l f X T , then H * w ? l s 0 for all w g W.Z q
v  .If l g C l X T , then we have for all w g W and j G 0,Z q
H 0 l , if j s l w , .  .jH w ? l ( .  0, otherwise.
 .  .The next result allows us to identify simple D G u g -modules as socles of
0 .the induced modules H l .
 . 0 .PROPOSITION. If l g X T , then H l has a simple socle as aq
 .  .D G u g -module.
 .Proof. First observe that all simple modules for D G are obtained
 . quniquely by taking simple D G -modules and letting U act trivially.0
 .  .Note that the set X T parametrizes the simple D G -modules. Letq 0
 .  .  .  .L l be a simple D G -module with l g X T such that L l s0 q
0 . w  .xSoc H l . By using Proposition 2.3 and 10, I 2.4 along withDG .0
Frobenius reciprocity we have
Hom L l , H 0 m ( Hom L l , IndDG.ug .y H 0 m .  .  .  . .  .DG. DG. DG .ub .0
( Hom L l , IndDG. H 0 m .  . .DG. DG .0
( Hom L l , H 0 m .  . .DG .0
k , for l s m ,
s  0, for l / m.
0 .  .Therefore, H l has a simple socle as a D G -module and thus must
 .  .have a simple socle as a D G u g -module.
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 .  . 0 .  .For each l g X T set L l s Soc H l . By remark ii ofq DG.ug .
 . 0 . w qxthis section we have an isomorphism of D G -modules: H l ( k U m
0 . qH l . Note that G acts on U via conjugation and we have a G -equiv-0 0
q q ariant isomorphism U ( n of affine algebraic varieties this fact is
 . w x .implicitly in the proof of Theorem 1 3 of 21 by Wilson . Therefore, there
q v > v >w x  .  .exists an isomorphism k U ( m S g of G -modules. Here S gi 0 ii) 0
is the symmetric algebra of the dual G -module g> of g .0 i i
0 .It follows from the above argument that any weight m of H l satisfies
0 .m F l under the order relation defined in Section 2.2 and dim H l s 1.k l
0 .The evaluation map H l ª l, which is a homomorphism of
 .  y. 0 .Uqg qD B u n -modules, is injective on H l . Since U is unipotent,0 g
0 .Uqg 0 . 0 .Uqg  .Uqg 0 .UqgH l / 0 and H l s H l . Moreover, 0 F L l : H l ,l
 .Uqg  .  .  .which implies that L l s L l and dim L l s 1. Therefore, L ll k
 .( L m if and only if l s m.
2.5. The next theorem provides a classification of all simple
 .  .D G u g -modules.
 .w2xTHEOREM. Let g s X m, 1 and X be of type W, S, H, or K. Then the
 .  .  .simple D G u g -modules are in one-to-one correspondence with X T .q
 .  .Proof. Let L be a simple module for D G u g . Applying the Frobe-
nius reciprocity it follows that
Hom L , H 0 l ( Hom y L , l . .  . .DG.ug . DB .ub .0 g
 .  y.  .  y.  .  y.Since D B u b ( D B au n , the simple modules for D B u b0 g 0 0 g
 .  .are indexed by X T . Therefore, there exist l g X T and a nonzero
 .  y.D B u b -homomorphism from L to l. It follows from Proposition 2.40 g
 .  .  . 0 .that L ( L l . By 2.4.4 and remark iii of Section 2.4, one has H l / 0
0 .  . 0 .if and only if H l / 0. If g s W 1, 1 , then H l ( l. On the other
 . 0 .hand, if g / W 1, 1 , then G is reductive and H l / 0 if and only if0
 . w  .xl g X T 10, II 2.6 .q
 .   .2.6. Let S be the set of simple roots for R and X T s l g X T :r
 : r 4  w  .x.  .0 F l, a - p for all a g S see 10, II 3.15 . For each l g X T letr
 .  . .L l be the corresponding simple D G -module. Now extend ther 0 r
 . .  .  . qaction of D G on L l to D G by letting U act trivially. Set0 r r r r
 . DG r .ug .  .yM l s Ind L l . By applying the same argument used inirr, r DG . ub . r0 r
 .  .  .Proposition 2.4 the D G u g -socle of M l is simple and we can setr irr, r
 .  .L l s Soc M l . It can also be shown that all simpler DG .ug . irr, rr
 .  .D G u g -modules can be uniquely obtained in this way. In the nextr
 .  .result it is shown that simple D G u g -modules lift to a compatibler
 .  .D G u g -structure.
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 .  .  .  .  .PROPOSITION. For each l g X T , L l ( L l as D G u g -mod-r r r
ules.
wProof. First we remark that one can apply the same argument in 13,
x  .Proposition 3.3 to prove that the action on M l can be lifted toirr, r
 .  .D G u g . Moreover, by dualizing the argument in Proposition 2.4 one can
 .>  .conclude that M l > indicates taking the dual module has a uniqueirr, r
maximal submodule. Since G permutes all maximal submodules, the
uniqueness implies that the maximal submodule is G-stable. Consequently,
 .  .  .  .for all m g X T , L m has the structure of a D G u g -module sincer r
 .  .  .>each simple D G u g -module appears as the head of a M l forr irr, r
 .some l g X T .r
 .  .2.7. We will now show that the simple D G u g -modules can be
 .expressed as twisted tensor products of the simple u g - and G -modules.0
 .w2xPROPOSITION. Let g s X m, 1 , where X is of type W, S, H, or K.
 .  .  .  .a If l g X T and l s l q m p with l g X T and m g X T ,0 0 1
 .  .then there exists the following isomorphism of D G u g -modules:
 .1L l ( L l m L m . .  .  .0
 . 2 s  .  .b If l s l q l p q l p q ??? ql p g X T with l g X T0 1 2 s q i 1
 .  .for i s 0, 1, . . . , s, then there exists an isomorphism of D G u g -modules
 .  .  .1 2 sL l ( L l m L l m L l m ??? m L l . .  .  .  .  .0 1 2 s
 .  .Proof. Let M be a D G u g -module. By the same line of reasoning
w  .x  .  .used in 10, I 6.15 2 there exists an isomorphism of D G u g -modules
Soc M ( L l m Hom L l , M . 2.7.1 .  .  . .[ug . ug .
 .lgX T1
 .  .  .  .Let M s L l . Since Soc M is a D G u g -module and L l isug .
 .  .simple, it follows that L l s Soc L l . Consequently, there can beug .
 .  .at most one summand in 2.7.1 and for some l9 g X T ,1
  . .  .  .  .Hom L l9 , M ( N, where N is a simple D G u g ru g -module.ug .
Observe that
D G u g ru g ( D GrG ( D G1. . .  .  .  .  .1
 1..The simple modules for D G correspond to simple modules for
 .1..  q.1.  .1.D G with U acting trivially. Consequently, N s L m9 with0
 .  .  .  .1.m9 g X T and L l ( L l9 m L m9 . One can compare the highestq
weights to conclude that l s l9 and m s m9 and the first assertion0
 .  .follows. The second assertion b follows by using induction and part a .
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w xWe remark that one can also apply 11, 4.8 and the Steinberg tensor
 .product for reductive groups and their Frobenius kernels to obtain
Propositions 2.5 and 2.7. However, the argument we used here is more
direct and will be used in the sequel.
 .2.8. In order to show that the injective u g -modules have additional
algebraic group structures the following result will be needed.
PROPOSITION. Let M be a finite-dimensional G -module. Then the action0
 .   . >.>   . .  .  .y yof u g on u g m M and Hom u g , M extends to D G u gub . ub . 0
and both modules are isomorphic to IndDG 0 .ug .y M. In particular Indug .y MDG .ub . ub .0
 .  .has a D G u g -module structure.0
y Proof. Observe that the subalgebra b is invariant under G but not0
.  .  .invariant under G . The admissibility of the D G u g -module structure0
  . .  .yon Hom u g , M follows from a similar argument as in remark i ofub .
Section 2.4 by replacing bq with by and G with G . More precisely, for0
  . .  .  . .yany f g Hom u g , M and h g D G , we have hf x sub . 0
  . .  . wh f g h x for all x g u g . Following the proof of 13, Proposition1. 2.
x  .  .  . >3.3 , the D G u g -module structure on u g m M is given as ay0 ub .
quotient of the tensor product of the two left modules. Consider the
pairing
 : >y y, : Hom u g , M m u g m M ª k .  . .ub . k ub . /
 >: >   ...defined by f , u m m s m f g u , which is well defined. Here, g :
 .  .u g ª u g is the antipode. One can verify that the pairing is nonsingular
 .  >:   . >:and u g -invariant in the sense that xf, u m m s f , g x u m m for
 .  .all x g u g . Furthermore, we have for each h g D G ,0
hf , u m m> s m> hf g u s m> h f g h ? g u , .  .  . . .  .  .;  . /1. 2.
f , g h u m m> s g h m> f g g h ? u .  .  .  .;  .  / /1. 2. /
s m> g g h f g h ? g u . .  . .  .  /1. 2.
s m> h f g h ? g u . . .  /1. 2.
  . .  . > >yfor all f g Hom u g , M , u g u g , and m g M by using theub .
 .cocommutativity of the Hopf algebra D G and the fact that the antipode0
 .  .  .g : u g ª u g is a homomorphism of D G -modules. Thus, we have
 :  .  .proved that , is also D G u g -invariant. This yields an isomorphism0
  . .   . >.>  .  .yHom u g , M ( u g m M of D G u g -modules.yub . 0ub .
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In order to prove the second assertion, we first observe that the
multiplication map
D G u by m y u g ª D G u g .  .  .  .  .0 ub . 0
 .  y.  .is an isomorphism of D G u b -u g -bimodules. We can make0
 .  y.  .  .  .D G u b m u g into a right D G -module by letting u m x h sy0 0ub .
 .  y.  .  .uh m x ? h . Here u g D G u b , x g u g , h g D G , and x ? h1. 2. 0 0
 .s g h xh . Therefore,1. 2.
Hom y D G u g , M .  . .DG .ub . 00
( Hom y D G u by m u g , M .  .  .yDG .ub . 0 /0 ub .
( Hom y u g , Hom y D G u by , M .  .  . . .ub . DG .ub . 00
( Hom y u g , M . .ub .
 .  .  .are isomorphisms of D G -modules and D G u g -modules. It follows0 0
that
Hom y u g , M ( Ind DG 0 .ug .y M . .ub . DG .ub .0
  . .ybecause Hom u g , M is a rational G -submodule of the moduleub . 0
  .  . .yHom D G u g , M . The second assertionDG .ub . 00
Hom y u g , M ( Indug .y M . .ub . ub .
can now be verified by using the definition of induction.
 .  .3. INJECTIVE D G u g -MODULESr
3.1. In this section we will study the structure of the injective
 .  .  .  .D G u g - and D G u g -modules. We will show that the injective mod-r
 . .  .  .  .  .ules for D G u g extend to D G u g -modules when p G 4m y 10 r 0
 .compare this bound with the similar result for reductive groups . For each
 .  . w  .xl g X T , let Q l resp. Q l be the injective hull of the simpler r r
 .  . w  . . x  . w  .xD G u g - resp. D G - module L l resp. L l . Moreover, forr 0 r
 .  .  .  .l g X T , let Q resp. Q be the injective hull of the simple D G u g -q l l
w  . x  . w  .x  .  .resp. D G - module L l resp. L l . Since D G u g and0 r
 . .  .  .D G u g are finite-dimensional Hopf algebras with antipodes , they0 r
are Frobenius algebras, which implies that a module is projective if and
w x  .only if it is injective. According to 19, 15, 4, 5 , we have Q l (1
ug .  .yInd Q l for l f L, where L corresponds to the set of exceptionalub . 1
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 .weights of X T . The exceptional weights are the highest weights of the1
G -composition factors of exterior powers of the natural representation0
 w x .see 4, 5, 15 for details . Throughout this section, h will denote the
Coxeter number corresponding to the reductive group G . By using0
xProposition 2.8 and 10, II 11.11 , we obtain the following result, which
states that the injective hulls corresponding to simple modules of nonex-
 .  .ceptional weights can be lifted to a compatible D G u g -structure.0
w x  .w2xPROPOSITION 13, Corollary 3.5 . Let g s X m, 1 , where X s W, S,
 .  .H, and K with p G 2 h y 1 and suppose that l g X T with l f L. Then1
 .  .  .Q l lifts to a D G u g -structure.1 0
3.2. In the following we describe the exceptional weights for the Lie
 .  .  .algebras of Cartan type. For W m, 1 and S m, 1 , X T has a natural
 4  .basis « , « , . . . , « , where « t s a for any diagonal matrix1 2 m i a , . . . , a . i1 m
 .t in T. The set of weights, P V , for the natural representation Va , . . . , a .1 m
 .  4 m sof GL k is exactly the set « , « , . . . , « . All weights of [ H V arem 1 2 m ss0
 .of the form « q « q ??? q« 1 F i - i - ??? - i F m . The deter-i i i 1 2 s1 2 s
minant character is given by « q « q ??? q« s m« , where « induces1 2 m 0 0
 < 4the natural isomorphism T 0 ( k*. Moreover, « y « 1 F i - j F m isi j
1 m  .the set of all positive roots and r s  m q 1 y 2 i « . When p ) 2,is1 i2
 .p y 1 r is not an exterior weight.
 .  < 4y1 y1For H 2 r, 1 , we have T 9 s t a g k* , T sa , . . . , a , a , . . . , a . i1 r 1 r
 < 4y1 y1t a , b g k* , and T 0 equal to the set of invertiblea , . . . , a , b a , . . . , b a . i1 r 1 r
 .  4scalar matrices. The set X T 9 has a basis « , . . . , « , where1 r
 .  .y1 y1« t s a . Let « be the obvious basis element of X T 0 .i a , . . . , a , a , . . . , a . i 01 r 1 rr  .  .  .An element  n « of X T 9 = X T 0 is in X T if and only ifis0 i i
r  . w  .  .  .x n ' 0 mod 2 if p / 2 if p s 2, then X T s X T 9 = X T 0 .is0 i
 .  .  < 4For the natural module V of GSP k , P V s « " « i s 1, . . . , r2 r 0 i
 2 r s .  <and P [ H V s s« " « " ??? " « 1 F i - ??? - i F r, s G t,0 i i 1 tss0 1 t
 .4s ' t mod 2 . The set of positive roots is given by
q <R s 2« , « " « 1 F i - j F r , 1 F s F r . 4s i j
r  .  .Thus r s  r q 1 y i « and p y 1 r is not an exterior weight.is1 i
 .  .  .For K 2 r q 1, 1 , the subgroup GSP k , of GL k , admits a repre-2 r 2 rq1
 .sentation on V s kx [ ??? [ kx [ kx as follows. The group GSP k1 2 r 0 2 r
acts on kx [ ??? [ kx naturally and acts on kx via the character d :1 2 r 0
 .  .  r .GSP k ª k*, where d g s a with a being defined by g  x n x2 r is1 i rqi
 r .s a  x n x . The restriction of d on T 0 is 2« , where « is obviousis1 i rqi 0 0
 .  < 4character of T 0. Then P V s 2« , « . « 1 F i F r and any weight of0 0 i
the exterior products of V is either m or 2« q m with m being an exterior0
 .  .  .weight for H 2 r, 1 . The action of GSP k on the Lie algebra K 2 r q 1, 12 r
 .  .  .  p <is induced from the action of GSP k on A 2 r q 1, 1 s S V r x 0 F2 r i
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:i F 2 r as algebra automorphisms and the gradation on the Lie algebra
 .  .K 2 r q 1, 1 is given by the central characters the characters of T 0 . From
this information we can deduce the next result.
PROPOSITION. For all the types W, S, H, and K, the Steinberg character
 .  . . ug .yp y 1 r is not an exceptional weight and Q p y 1 r ( Ind St is an1 ub . 1
 .  .  .injecti¨ e u g -module, which has a D G u g -module structure. Here St is0 1
the first Steinberg module for the reducti¨ e group G .0
 .3.3. The aforementioned result will be used to show that Q l has a1
 .  .  .D G u g -module structure for all l g X T and sufficiently large0 1
 .  .  .  .primes. For each m g X T , we denote N m s u g m L m , whereqq ub .
 .  .  .L m is the simple D G -module with highest weight m. Then N m is a0
 .  . w xfinite-dimensional D G u g -module by 13, Proposition 3.3 . Let S s
DG 0 .ug .  .  .  .yInd St . Then S is an injective u g -module with a D G u g -DG .ub . 1 00
 .  .module structure. Furthermore, S m N m is also an injective u g -mod-
 .  .ule with a D G u g -module structure.0
 .  .LEMMA. As D G u g -modules we ha¨e0
S ( Ind DG 0 .ug .y St ( IndDG 0 .ug .y y p y 1 r . .DG .un . 1 DB .un .0 0
DG 0 .  .  y.yProof. First recall that St s Ind p y 1 r. Note that u n is a1 DB .0
 y.  y.  .  y.normal Hopf subalgebra in both D B u n and D G u n , and0 0
 .  y.  y.  y.p y 1 r can be extended to a D B u n -module by allowing u n to0
 .act trivially. Similarly, each D G -module M can be extended to a0
 .  y.  y. w xD G u n -module via the trivial action of u n . By 11, 4.6 , we have0
IndDG 0 .un
y.
y y p y 1 r ( Ind DG 0 .y p y 1 r .  .DB .un . DB .0 0
 .  y.as D G u n -modules. We have the isomorphisms0
S ( IndDG 0 .ug .y IndDG 0 .uny.y y p y 1 r ( IndDG 0 .ug .y y p y 1 r .  .DG .un . DB .un . DB .un .0 0 0
by using the transitivity of the induction functors.
 y.3.4. Let x be the lowest weight of u n as a T-module. By a direct
 .  y.  .ycalculation, we have x s p y 1  dim n n g X T . For eachn g P n . n
 .  .  .  .l g X T , we set l s w l y w x q p y 1 r, where w is the longest1 0 0 0
element of the Weyl group W of the reductive group G . Since ny is a0
 k:G -module, x is fixed by all elements of W; thus x , a s 0 for all0
a g R. Therefore,
Hom L l , S m N l .  . .DG .ug .0
( Hom L l m N l *, S .  . . .DG .ug .0
y y( Hom L l m N l *, p y 1 r .  .  . . .DB .un .0
( k
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 .   ..  .because L l m N l * has a highest weight p y 1 r with multiplicity
 .  .  .1. Since L l is an irreducible D G u g -module, we have an injective0
 .  .  .  .homomorphism f: L l ª M s S m N l of D G u g -modules. The0
 .  .injectivity of M as a u g -module implies that Q l is isomorphic to a1
 .u g -direct summand of M , so without a loss of generality we may assume
 .  .  .that Q l is a u g -direct summand of M. On the other hand, let Q l be1
 .  .  .the D G u g -injective hull of L l . Then the injective map f induces a0
 .  .  .  .homomorphism c : M ª Q l of D G u g -modules. Thus, c M is a0
 .  .  .   ..  .D G u g -module with simple socle L l , while c Q l is a u g -di-0 1
 .rect summand of M with a simple u g -socle and therefore must be
 .   ..  .  .  .isomorphic to Q l . Consequently, c Q l s c M if c M is u g -in-1 1
w  .  . xdecomposable for example, if c M has a simple u g -socle . Using an
w x   ..argument similar to 10, II 11.11 we can show that if Soc c M /ug .
 .  .  .L l , then there exists 0 / n g X T l W ? 0 such that L n is aq p
G -composition factor of a G -module with simple socle k and having0 0
 .the property that l q pn is a weight of S m N l .
 .On the other hand, any weight of S m N l must be of the form
p y 1 r y m q l y m q m y m s w l q 2 p y 1 r y w x .  .  .  .1 2 3 4 0 0
y m y m q m y m ,1 2 3 4
  q..   q..   y.. qwhere m g P u n , m g P u n , m g P u n , and m g NR .1 2 0 3 4
 .  .  .If l q pn s w l q 2 p y 1 r y w x y m y m q m y m , then0 0 1 2 3 4
 .  .  .l y w l q pn s 2 p y 1 r y w x y m y m q m y m . Observe0 0 1 2 3 4
 .that the restriction of any character m g X T to the central torus T 0
 .  .gives a homomorphism of Abelian groups deg: X T ª X T 0 , which is
 .  .  .given via the projection of X T 9 = X T 0 to X T 0 . In the following, we
 .  .simply take deg m as the coefficient of « of deg m . Thus for the types W
 .and S, deg « s 1 for i s 1, . . . , m. For the types H and K, deg is just thei
coefficient of « . On any indecomposable G -module the central torus T 00 0
acts via a central character; therefore the character n restricted to T 0 is
w  .  . x  .trivial i.e., deg n s deg 0 s 0 . One can also see that deg r s 0. The
  ..  .Weyl group W acts on T 0 trivially, which implies that deg w m s deg m
 .   . .for all m g X T . Therefore, deg l y w l q pn s 0 and similarly,0
 .  . qdeg m s deg m s 0 as m , m g Z R . We can conclude that2 4 2 4
  . .  .   ..deg yw x y m q m s 0 or deg m s deg m y w x .0 1 3 1 3 0
One can now express m s  q n g and m s  y m t with1 g g P n . g 3 t g P n . t
 y.  .0 F n , m F p y 1. Since w permutes P n , we have m y w x sg t 0 3 0
  .. y  y.y m y p y 1 t . For all types X, dim n s 1 for all n g P n .t g P n . t n
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Therefore,
m y p y 1 deg t s n deg g . .  .  . . t g
y q .  .tgP n ggP n
 4  .Consider the basis « , . . . , « of X T for the types W and S and the1 m
 4  .  .basis « , « , . . . , « of X T 9 = X T 0 for the types H and K. In all0 1 m
 .  .these cases let n m be the coefficient of « of m for any m g X T . By1 1
examining the set of the positive roots, one can see that for any two
 .  .  .weights m, m9 g X T with m G m9 and deg m s deg m9 , one must have
 .  . qn m G n m9 . Using this observation and the fact that m , m g NR ,1 1 2 4
we have
n 2 p y 1 r y w x y m y m q m y m .  . .1 0 1 2 3 4
F n 2 p y 1 r q n m y w x y n m .  .  . .  .1 1 3 0 1 1
s 2 p y 1 n r q m q1yp n t y n n g . .  .  .  .  . 1 t 1 g 1
y q .  .tgP n ggP n
Observe that as T-modules, we have ny( V > with V being the natural
G -modules introduced prior to Proposition 3.2. By examining the weights0
y q  .  . q >of n and n , we see yn t F ydeg t . Note that n : V m1
 .  .  .A m, 1 . By a close analysis of the weights, we have yn g F deg gG 2 1
 .  .for type W and S and yn g F 3 deg g for types H and K. We set1
e s 1 if g is of type W and S, and 3 if g is of type H or K. Therefore,g
n l y w l q pn F 2 p y 1 n r y p y 1 y m deg t .  .  .  .  . . 1 0 1 t
y .tgP n
q e n deg g .g g
q .ggP n
s 2 p y 1 n r .  .1
y e q 1 p y 1 y m deg t .  . . g t
y .tgP n
F 2 p y 1 n r .  .1
y e q 1 p y 1 deg t . .  . . g
y .tgP n
 .  .For the types W, S, and H m s 2 r for type H we have 2 p y 1
 .  .  .yn r s p y 1 m and  deg t s ym. For type K one has1 t g P n .
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 .  .  . .  .y2 p y 1 n r s p y 1 m y 1 and  deg t s ym y 1. Hence,1 t g P n .
¡ p y 1 m q e q 1 p y 1 m , .  . .g
for types W , S, and H ,~n l y w l q pn F . .1 0 p y 1 m y 1 q e q 1 p y 1 m q 1 , .  .  .  . .g¢ for type K ,
e q 2 m p y 1 , for types W , S, and H , . .gs  5m q 3 p y 1 , for type K . .  .
 . On the other hand, among all n g X T l W ? 0, s ? 0 s p yq p a , p0
 k:.r, a a is the smallest weight other than 0, where a is the highest0 0 0
short root, which is e y e for types GL and e q e for GSP . This1 m m 1 2 2 r
implies that
n n G n s ? 0 .  .1 1 a , p0
 k:s p y r , a n a . .0 1 0
p y m y 1 , for types W , S, and H , .
s  p y m y 2 , for type K . .
  ..  .Combining the results above, we have p p y m y 1 F e q 2 mg
 .   ..  . .p y 1 for types W, S, and H and p p y m y 2 F 5m q 3 p y 1
for the type K. This information yields the following result.
THEOREM. Suppose p G 4m y 1 for the types W and S, p G 6m y 1 for
 .  .type H, and p ) 6m y 1 for type K. Then for any l g X T , the u g -injec-1
 .  .  .  .ti¨ e hull Q l of the simple module L l has a unique D G u g -module1 0
structure.
 .Proof. By the discussion in Section 3.4, if Soc c M is not simple,ug .
 .then there exists n g X T l W ? 0 and n / 0 such that l q pn is aq p
2  .weight of M. This implies that p y 4m y 1 p q 3m F 0 for types W
2  . 2  .and S, p y 6m y 1 p q 5m F 0 for type H, and p y 6m q 1 p q
5m q 3 F 0 for type K, which contradicts the assumption on p for
.  .type K, one sees that p / 6m . Therefore, c M is indecomposable as a
 .  .   ..  .u g -module and the isomorphism c M s c Q l ( Q l yields1 1
 .  .  .the D G u g -module structure on Q l .0 1
3.5. In order to prove a tensor product theorem for injective modules
the following general lemma for Hopf algebras will be needed.
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LEMMA. Let K be a normal Hopf subalgebra of a Hopf algebra H with a
gi¨ en admissible category C and let P s HrHK be the quotient HopfH q
algebra. Suppose that the admissible categories for both K and P are induced
<from C . If M is a module in C such that M is injecti¨ e and N is anKH H
 .injecti¨ e module in C such that Hom L, M m N is finite dimensional forP H
each simple module L in C , then M m N is an injecti¨ e H-module in C .H H
 .Proof. We will show that the functor Hom ?, M m N is exact on C .H H
w xFor any finite-dimensional H-module X in C , we have, by 12, 1.2 ,H
PH KHom X , M m N ( Hom X , M m N ( Hom X , M m N .  .  . .H k k
PP( Hom X , M m N ( Hom X , M m N . .  . .K K
Here we have used the fact that the natural isomorphism since X is finite
.  .  .dimensional f: Hom X, M m N ª Hom X, M m N is an isomor-K K
phism of P-modules. Let C f be the full subcategory of C consisting ofH H
all finite-dimensional modules in C . The category C f is defined similarly.H K
 .We now show that the functor Hom ?, M from C to C is exact whenK H P
restricted to C f . In fact, we have the commutative diagramH
 .Hom ?, MKf 6C CH P
6
H forgetfulResK
6  < .Hom ?, M KKf 6 vector spacesCK
with the two vertical functors faithfully exact and the bottom functor exact.
Therefore, the top functor is also exact. Now the exactness of Hom ?,H
. fM m N when restricted to C follows from the above natural isomor-H
phism and the injectivity of the P-module N. To show the exactness of
 .Hom ?, M m N on C , we note that every module in C is a direct limitH H H
f  .of modules in C and the functor Hom ?, M m N sends direct limits toH H
inverse limits. By the assumption, for each finite-dimensional module X,
 .Hom X, M m N is a finite-dimensional vector space. The exactness ofH
 .Hom ?, M m N follows from the exactness of the inverse limit onH
w xfinite-dimensional vector spaces 17, Proposition 7 .
 .3.6. Given the ability to lift the u g -injective hulls of simple products
 .  .  .  .to a D G u g -structure one can express injective D G u g - and0 r
 .  .D G u g -modules as twisted tensor products of modules induced from
 .  . .injective u g - and D G -modules, respectively.0 r
 . w  .xTHEOREM. Let g s X m, 1 g / W 1, 1 . If p is gi¨ en as in Theorem
ry1  .  .3.4 and l s l q l p q ??? ql p g X T with l g X T for i s0 1 ry1 q i 1
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 .  .0, 1, . . . , r y 1, then there exist the following isomorphisms as D G u g -r
w  .  . xand D G u g - modules:
 .  . w DG r .ug .  .x  .1.  .2.a Q l ( Ind Q l m Q l m Q l m ??? mr G . .ug . 1 0 1 1 1 20 r
 . ry1.Q l .1 ry1
 . w DG.ug .  .x 1. ry 2b Q ( Ind Q l m Q .l DG ..ug . 1 0 l ql pq ??? ql p0 1 2 ry1
Proof. We will prove the first statement. The proof of the second
statement follows from a similar argument by simply omitting the rs. Set
1 ry2  .  q.  .m s l q l p q ??? ql p g X T . Note that D U u g is a nor-1 2 ry1 q r
 .  .mal Hopf subalgebra of D G u g with quotient Hopf algebra isomorphicr
 .  . .  .1. . w xto D G r G , which is isomorphic to D G 10, I 9.5 . Since0 r 0 1 0 ry1
 .  .  .1.  .Q m is an injective G -module, the pullback Q m of Q mry1 0 ry1 ry1 ry1
 .  .via the Frobenius homomorphism to G r G is an injective0 r 0 1
 .  . . w xD G r G -module 10, II 11.15 . On the other hand, by a Mackey0 r 0 1
w xdecomposition theorem proved in 12 for Hopf algebras, we have
qDG .ug . DU .ug .r rInd Q l ( Ind Q l . 3.6.1 .  .  .q .DG . .ug . 1 0 ug . 1 0 .  .D U u g0 r r
 .  .Since Q l is an injective u g -module and induction functors send1 0
 .injective modules to injective modules, it follows from 3.6.1 that
DG r .ug .  .  q.  .Ind Q l is an injective D U u g -module. Consequently, byDG . .ug . 1 0 r0 r DG r .ug .  .  .1.  .  .Lemma 3.5, Ind Q l m Q m is an injective D G u g -DG . .ug . 1 0 ry1 r0 r
module.
DG r .ug .  .  .1.It remains to show that Soc Ind Q l m Q m (DG .ug . DG . .ug . 1 0 ry1r 0 r
 .L l . First observe that the restriction functor gives a one-to-one corre-r
 q.  .  .spondence between simple D U u g -modules and simple u g -modules.r
 .  .  .Let n g X T and L n be a simple u g -module. By Frobenius reciproc-1
 .ity and 3.6.1 we have the following isomorphisms:
Hom q L n , Ind DG r .ug . Q l .  . .DU .ug . DG . .ug . 1 0r 0 r
( Hom q L n , IndDUqr .ug . Q l .  . .DU .ug . ug . 1 0r
( Hom L n , Q l . .  . .ug . 1 0
 .  .Since Soc Q l ( L l we can conclude thatu m . 1 0 0
Soc q IndDG r .ug . Q l ( L l .  .DU .ug . DG . .ug . 1 0 0r 0 r
 .  .and there exists an isomorphism of D G u g -modules:r
 .  .1 1DG .ug .rqSoc Ind Q l m Q m ( L l m Q m . .  .  .  .DU .ug . DG . .ug . 1 0 ry1 0 ry1r 0 r
3.6.2 .
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 q.  .Note that simple D U u g -modules are the restriction of simpler
 .  .  q.  .  q.  .  .  .D G u g -modules to D U u g . The D U u g -socle of a D G u g -r r r r
 .  .  .  .module is a D G u g -submodule and thus contains the D G u g -socler r
 w x.see 11, 4.8 . Hence,
 .1DG .ug .rSoc Ind Q l m Q m .  .DG .ug . DG . .ug . 1 0 ry1r 0 r
 .1( L l m Soc Q m .  .0 DG .ug . ry1r
 .1
1.( L l m Soc Q m .  .0 DG . . ry1r
( L l . .
The last two lines are consequences of Proposition 2.7 and the Steinberg
twisted tensor product theorem for reductive groups. We now complete
 . .the proof by observing that there exists an isomorphism of D G -mod-0 r
 .1.  .1.  .2.  . ry1. w xules: Q m ( Q l m Q l m ??? m Q l 10, II 11.6 .ry1 1 1 1 2 1 ry1
With the argument given in Theorem 3.6 and the lifting condition on
injectives we can present a tensor product theorem for injective
 .  .D G u g -modules.0
 .  .  . .  .COROLLARY. For each l g X T , let Q l be the D G u m -in-r 0, t 0 r
 . .  .  .jecti¨ e hull of the simple D G u g -module L l . Then, with the same0 r r
assumption on p and l as in Theorem 3.4, we ha¨e
 .  .  .1 2 ry1Q l ( Q l m Q l m Q l m ??? Q l . .  .  .  .  .0, r 1 0 1 1 1 2 1 ry1
 .  .  .In particular, Q l extends to a D G u g -module.0, r 0
 .  . .  .Proof. Note that u g is a normal Hopf subalgebra of D G u g0 r
 .  . .with quotient Hopf algebra isomorphic to D G r G . The result0 r 0 1
follows by a similar line of reasoning as in the proof of Theorem 3.6.
 .  .4. REPRESENTATION THEORY FOR D G U gR
 .  .AND D G T U gR
Ã .  .  .  .4.1. Let A s D G u g and A s D G T u g be the algebras con-r r
w xstructed by using 13, Theorem 2.6 . Moreover, for B a Hopf subalgebra of
Ã  .A or A let the Grothendieck group of B be denoted by G r B and a
 . w xB-module M be represented as an element in G r B by M . If L is aB
Ã . w xsimple A- resp. A- module, then M: L will represent the number of
Ã .times L appears as a composition factor of the A- resp. A- module M.
Ã .  . wThe simple A- resp. A- modules are indexed by the set X s X T resp.r
 .xX T . There is a one-to-one correspondence between the simple A-mod-
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ules and the projective indecomposable A-modules given by L ª P ,j j
where P rrad P ( L for j g X. The Cartan matrix of A is the decompo-j j j
w x.sition matrix C s P : L . One of the goals of this section is to provide ai j
method for computing the Cartan matrix of A. We should remark that
 .  .  .  .D G u g is a finite-dimensional Hopf algebra so D G u g is a Frobe-n r
w x  .  .nius algebra by 14 , which means that a D G u g -module is projective ifr
 .  .  .and only if it is injective. The injective and projective D G u g -modulesr
 .  .  .lift to injective and projective D G T u g -modules. Therefore, in orderr
to remain consistent with the conventions in this paper we prefer to work
with injective H-modules.
ÃWe will first describe two decompositions of the algebra A s
y y Ã q q .  .  .  . .  .D G T u g . Let A s u n , A s D G T , and A s D U . Thenr 0 0 r r
y Ã q Ã Ã .  . w  .xA s A A A . For each l g X T let L l resp. L l be the corre-0 r r
Ã .  . w  . . x  . wsponding simple D G T u g - resp. D G T - module and Q l resp.r 0 r r
Ã ÃÃ Ã .x  . w  .xQ l be the injective hull of L l resp. L l . Extend the action of Ar r r 0
Ã y Ã y .on Q l to A A by letting A act trivially and setr 0
Ãy A DG T .ug .rÃ Ã Ãy yV l s Ind Q l ( Ind Q l . .  .  .Ãinj, r A A r DG . T .ub . r0 0 r
Similarly, let
Ãq AÃ Ã Ã Ãq qV l s Coind L l s A m L l . .  .  .ÃÃirr , r A A r A A r0 0
Ã w  .xThe algebra A satisfies the decomposition provided in 6, 2.1 except for
the finite dimensionality. The gradation on the algebra is determined by
w xthe character « . One can still use the techniques in 6 to show that the0
following statements hold:
Ã .  .  .  .i The injective D G T u g -module Q l admits a filtration withr r
Ãy  .  .factors of the form V m for m g X T .inj, r
Ãy Ã .  .  .ii The number of times V m appears as a factor of Q l ,inj, r r
Ã Ãyw  .  .xdenoted by Q l : V m , is finite and independent of the choice ofr inj, r
filtration.
Ã Ãy Ãq Ã . w  .  .x w  .  .x  .iii Q, l : V m s V m : L l for all l, m g X T ,inj, r irr, r r
where the right-hand side indicates the number of times the simple
Ã .  .  .D G T u g -module L l appears as a factor in a Jordan]Holder seriesr
Ãq  .for V m .irr, r
ÃAnother decomposition of A can be described in the following manner.
Ã y y q q Ã .  . .  .  . .Let H s D T , H s D U u n , and H s D U with A s0 0 r g r
y Ã q  .H H H . For each l g X T let0
Ã ÃA Ay qÃ Ãy qZ l s Ind l and Z l s Coind l, .  .Ã Ãr H H r H H0 0
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Ã y where l is a one-dimensional H -module extended trivially to H resp.0
q Ãy Ãq.H . The first proposition of this section shows that Z and Z can alsor r
 .  .be viewed as intermediate modules as in remarks i ] iii of this section.
 .PROPOSITION. Let l, m g X T .
Ã .  .  .  .a The injecti¨ e D G T u g -module Q l admits a filtration withr r
Ãy .factors of the form Z m .r
Ãy Ã .  .  .b The number of times Z m appears as a factor in Q l isr r
independent of the choice of filtration.
Ã Ãy Ãq Ã . w  .  .x w  .  .xc Q l : Z m s Z m : L l .r r r
 .Proof. From the remarks above for each l g X T the injective
Ã .  .  .D G T u g -module Q l admits a filtration with factors of the formr r
Ãy  .V m . According to Jantzen's results on hyperalgebras for reductiveinj, r
w x  . .groups 9 the injective D G T -modules have a filtration with factors of0 r
DG 0 . rT . Ã ythe form Ind n . As an A A -module there exists an isomorphismD B . T . 00 r
Ã yDG . T . A A0 r 0 yInd n ( Ind n ,ÃD B . T . H H0 r 0
y  w xwhere the A -action on the left-hand side is trivial cf. 11, 4.7 with the
Ãy AÃ Ã . yhomomorphism A A ª A . Since Ind is exact, it follows thatÃ0 0 A A0Ãy AÃ Ã .  .yV m s Ind Q m admits a filtration with factors of the formÃinj, r A A r0
Ã Ã Ã yA A A ADG . T . y00 r Ãy y yInd Ind n ( Ind Ind n ( Z n . .Ã Ã ÃA A D B . T . A A H H r0 0 r 0 0
 .This refinement gives a filtration for Q l .r
 .The second assertion, part b , follows by using the Krull]Schmidt
Ãy .theorem and the observation that the module Z m upon restriction tor
Ã qH H is precisely the injective hull of the one-dimensional simple module0
 .m. For part c we have
y yÃ Ã Ã Ãq q< <Q l : Z m s Q l : Z m .  .  .  .Ã ÃH H H Hr r r r0 0
Ãqs dim Hom m , Q l . .Ãk H H r0
Ãq Ãs dim Hom Z m , Q l .  . .Ãk A r r
qÃ Ãs Z m : L l .  .r r
by using the previous remarks and applying the Frobenius reciprocity.
w xWe should remark that Chiu 1, Theorem 5.1 has proved a result similar
 .  .to parts a and b of the above proposition. Moreover, an equivalent
w xversion to Chiu's result can also be found in 6, Theorem 4.4 .
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Ãq DG 0 . rT . Ãy DG 0 . rT . .  .q4.2. Let Z l s Coind l and Z l s Ind l for0, r D B . T . 0, r D B . T .0 r 0 r
 .l g X T be the ``baby'' Verma modules and induced modules, respec-
ÃAq qÃ Ã .  .  .qtively, for G T. Note that Z l s Coind Z l and if m is aÃ0 r r A A 0, r0Ãq Ãq y .  .  .weight of Z l , then m F l. As T-modules, we have Z l ( u n0, t R r
q Ãq .  .m Z l and it follows that if m is a weight of Z l , then m F l. By0, r r
Ãq .inspecting the weights of Z l , it is also easy to deduce thatr
Ãq .dim Z l s 1. By using a ``dual'' argument and the factk r l
ÃAy y y qÃ Ã ÃyZ l s Ind Z l ( Z l m k U .  .  .Ãr A A 0, r 0, r r0
Ãy Ãy .  .it follows that if m is a weight of Z l , then m F l and dim Z l s 1.r k r l
For a finite-dimensional T-module M let M s [ M be a weightllg X T .
 .  .space decomposition of M. Define ch M s  dim M e l , wherelg X T . k l
  .  .4 w  .xe l : l g X T forms a Z-basis for the character ring Z X T . For
 .each l g X T , we have
Ãq y Ãqch Z l s ch u n ? ch Z l , .  .  .r 0, r
y q yÃ Ãch Z l s ch k U ? ch Z l , .  .r r 0, r
w qx q w x wwhere k U is the coordinate algebra of U . From 10, II 9.2 and 13,r r
Ã"x  .Sect. 4 one can obtain explicit formulas for ch Z l .r
Ã" Ã" .  .Since m F l for any weight m of Z l and dim Z l s 1, the setsr k r l
Ãq Ãy  .  .4   .  .4ch Z l : l g X T and ch Z l : l g X T are Z-linearly inde-r r
w  .xpendent in Z X T and thus generate free Z-submodules. Although these
w  .xtwo sets are not bases for the Abelian group Z X T , every element of
Ã"w  .x  .Z X T can be uniquely written as a formal infinite sum a ch Z mm r
 .  <such that a s 0 for deg m 4 0 and for each degree n, m a / 0,m m
 . 4  q.  4  .deg m s n ; D m q NR for a finite subset m , . . . , m : X T . Ini i 1 s
Ãy .particular each ch Z t can be expressed uniquely as such an infiniter
Ãq .  .formal Z-linear combination of ch Z g , g g X T . We can now presentr
Ã .a formula for calculating the multiplicities of L m appearing as composi-r
Ã .tion factors of Q l .r
Ãy Ãq .  .  .THEOREM. For each t g X T let ch Z t s  a ch Z g .r g Ft t , g r
Then
Ã ÃQ l : L m .  .r r
q qÃ Ã Ã Ãs Z t : L a V a : L l .  .  .  .  0, t r irr , r r /
lFt lFaFt
q qÃ Ã Ã Ã= a Z g : L b V b : L m . .  .  .  . t , g 0, r r irr , r r /
gFt mFb
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Ãy Ãq .  .  .Proof. Since ch Z t s  a ch Z g with a s 1 , it followsr g Ft t , g r t , t
that
y qÃ Ã Ã ÃZ t : L m s a Z g : L m . .  .  .  .r r t , g r r
gFt
Therefore, by Proposition 4.1 we can conclude that
y yÃ Ã Ã Ã Ã ÃQ l : L m s Q l : Z t Z t : L m .  .  .  .  .  .r r r r r r
mFt
q yÃ Ã Ã Ãs Z t : L l Z t : L m .  .  .  . r r r r
mFt
q qÃ Ã Ã Ãs Z t : L l a Z g : L m . .  .  .  . r r t , g r r /
mFt mFgFt
ÃAq qÃ  .  .qOn the other hand, Z t s Coind Z t admits a filtration withÃr A A 0, r0Ãq Ãq Ãq Ãq . w  .  .x w  .V a appearing as subquotients and Z t : V a s Z t ,irr, r r irr, r 0, r
Ã  .x  .L a . Observe that for any l, t g X T ,r
q q q qÃ Ã Ã Ã Ã ÃZ t : L l s Z t : V a V a : L l .  .  .  .  .  .r r r irr , r irr , r r
lFaFt
q qÃ Ã Ã Ãs Z t : L a V a : L l .  .  .  . 0, r r irr , r r
lFaFt
and the statement of the theorem now follows.
 .Let us fix a total order in the set X T compatible with the partial order
Ãq Ã Ã . w  .  .x  .in X T . Set b s Z l : L m and J s b . Similarly,l, m 0, r r r l, m l, m g X T .
Ãq Ã Ã Ãw  .  .x  .set d s V l : L m , K s d , and A sl, m irr, r r r l , m l , m g X T . r
 .a equal to the transition matrix as in the theorem. All threel, m l, m g X T .
matrices have only finitely many nonzero entries in each row and column.
Therefore, matrix multiplication makes sense. The theorem says that the
Ã  .  .Cartan matrix C for the category of D G T u g -modules is given asr
Ã ÃT ÃT Ã Ã ÃC s K J A J K .r r r r r
4.3. We will now show how one can reduce the computation of Cartan
 .  .invariants for D G u g to the computation of Cartan invariants forr
Ã . .  .  .  . <D G . For each l g X T let M l s M l , where M sDG .ug .0 r r
Q , Q , L , L , V q , Vy , Z " , Z " . The notation with the hat omittedr r r r irr, r inj, r r 0, t
 .  .denotes the corresponding modules for D G u g . Also, this will be validr
 . .  .for the algebras A and H by letting A s D G and H s D T .0 0 0 0 r r
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Ã r Ã .  .  .  .  .Note that as D G u g -modules M l q p n ( M l for all l, n g X T .r
" .In the following proposition we show how the modules Z l can ber
decomposed.
 .  .  .PROPOSITION. Let A s D G u g and p ) 2. If l g X T , then in ther r
 .Grothendieck group G r A , we ha¨e
 . w y .x w y .x  .a Z a s Z b for all a , b g X T .r A r A r
 . w y .xb Z l sr A
 q  y. ...w q .x dim H r dim H dim H Z m .mg X T . k k k 0 r Ar
 .  .c If a , b g X T , thenr
q q qZ a : L b s Z a : L t V t : L b . .  .  .  .  .  .r r 0, r irr , r r
 .tgX Tr
 . w x  .Proof. For the proof of part a , as in 7 , if g / W 1, 1 one can find a
 .  . y q y ysubalgebra S ; D G u g such that S s S S S with S s H , S s H ,r 0 0 0
and Sq is the distribution algebra of a T-invariant unipotent group
 .scheme. The case where g s W 1, 1 can be handled in a similar manner
w xby using 15, Theorem 3.1.2 . The reader is referred to the Appendix for
the construction of S. The subalgebra Sq, as an H -module, has all simple0
H -modules appearing as composition factors with the same multiplicity.0
The simple modules for S are exactly the ones obtained through a Hopf
algebra homomorphism S ª S , and are in one-to-one correspondence0
 . w S x w xywith X T . This implies that Ind l s  l ? m , where l sr H H S m g X T . S0 rq  r dim T .dim S r p . Therefore,k
y A S A
yZ l s Ind Ind l s l ? Ind m . r S H H SA A0 S A
 .mgX Tr
w y .xand from this equality it follows that Z l is independent of l gr A
 .X T .r
 .For part b , we first observe that
y yH H H H y0 0 w x w xInd l s Ind k l s H * l .y H HHH H 0 00H H H0 00 0
w xs s m y l m , . H 0
 .mgX Tr
 . w y. x w y xwhere s m s H * : m s H : ym is the multiplicity of m in theH H0 0
 y.H -module H *. Note that the cocommutativity of the Hopf algebras0
 .was used here. The difference m y l is considered in the group X T . Byr
 .part a ,
yA A H H y0yInd l s Ind Ind l s s m y l Z m .  .H H H H r A0 0 0A A
 .mgX Tr
y y ys s m y l Z l s dim H Z l . .  .  .  . r rA A /
m
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By using the properties of the subalgebra Sq in Hq, we have
qH H q0 w xCoind l s s m ,H H0 0
 .mgX Tr
where sqs dim Hqrpr dim T. Therefore,




yCoind l s s l y m Coind m . .H H H0 0A A
 .mgX Tr
w x  .According to 10, I 8.17 there exists a G g X T such thatr
y A A
y yZ m s Ind m s Coind m q G . .  .r H H H HA 0 0A A
 . w A  .xyIt follows from part a and the preceding statement that Coind lH H A0
 .is independent of l g X T . Therefore,r
A y y ACoind l s dim H Z l s Ind l .  .H r HA0 0A A
 .for all l g X T . Hence,r
y y A q qdim H Z l s Coind l s s Z m . .  . . k r H rA A0 A
 .mgX Tr
Since dim nyq dim U q dim T F dim Uq for p ) 2, we have0 g
 . y. q q ydim H dim H divides dim H . This means that s rdim H sk 0 k k k
q  . y.  .dim H r dim H dim H is an integer and part b follows.k k 0 k
q  . qNow observe that if we make Z l into an A A -module by letting0, r 0
Aq act trivially, then the following isomorphism of A-modules holds:
Zq a s Ind A q a ( Ind A q Ind A0 Aqq a ( Ind A q Zq a . .  .r H H A A H H A A 0, t0 0 0 0
A q .qFrom the exactness of Ind it follows that Z a admits a filtrationA A r0 q  . w q . q  .xwith factors of the form V g . Furthermore, Z a : V t sirr, r r irr, r
w q  .  .xZ a : L t . Hence, by observing that0, r
q q q qZ a : L b s Z a : V t V t : L b , .  .  .  .  .  .r r r irr , r irr , r r
 .tgX Tr
 .part c follows.
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 .4.4. As a consequence of Proposition 4.3 b we obtain the structural
 .  .result on the algebra D G u g .r
 .  .THEOREM. The algebra D G u g has one block.r
 .Proof. By applying the standard arguments see Proposition 2.4 one
q .  .can show that the module Z l has simple head L l and the moduler r
y .  .  .  .Z l has simple socle L l . Let Q l be the injective hull of L l .r r r r
y .  .  .Since Z l has simple socle L l it follows that Q l is the injectiver r r
y . y .  .  .hull of Z l and Z l ¨ Q l . Therefore, by Proposition 4.3 b ,r r r
 .  .  .L m is a composition factor of Q l for all m g X T , which impliesr r r
 .  .that D G u g must have one block.r
4.5. The next result provides a decomposition of the Cartan matrix for
 .  .D G u g .r
THEOREM. Let g be a restricted Lie algebra of Cartan type and let
 q  y. ..s s dim H r dim H dim H . The Cartan matrix C sk k k 0 r
w  .  .x.  .  .Q l : L m for D G u g can be written asr r r
TC s J K A J K , .  .r r r r r
where
q qJ s Z l : L t , K s V t : L m , .  .  .  . .  .r 0, r r irr , r r
A s s all entries being s . .  .
 .  .Proof. Let l, m g X T . From Proposition 4.1, Q l admits a filtra-r r
y .tion with factors of the form Z l . This fact along with Propositionr
 .4.3 b implies that
y qQ l : L m s Q l : Z t Z t : L m .  .  .  .  .  .r r r r r r
 .tgX Tr
q ys Z t : L l Z t : L m .  .  .  . r r r r
 .tgX Tr
q qs Z t : L l s ? Z g : L m . .  .  .  . r r r r
 .  .tgX T ggX Tr r
w q .  .x.Let D s Z a : L b . The preceding calculation shows that C sr r r
T  .D AD. From Proposition 4.3 c we can write D s JK.
w x  . w q  .  .xIn 6, 7, 15, 19 for u g the computation of V t : L m is givenirr, 1 1
 .for all t , m g X T . By using these results and Propositions 2.6 and 2.7,1
w q  .  .x  .one can also decompose V t : L m for all t , m g X T inirr,r r r
 .  .  .  .D G u g . Moreover, one can also determine, for D G T u g ,r r
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Ãq Ãw  .  .x  .  .  . wV t : L m for all t , m g X T . Consequently, for D G T u g resp.irr, r r r
Ã Ã .  .x w  .  .x  w  .  .x.D G u g the decomposition of Q l : L m resp. Q l : L m isr r r r r
Ãq Ãw  .  .x known up to computing the decomposition numbers Z l : L t resp.0, r r
w q  .  .x.  . w  . xZ l : L t for G resp. G T .0, t r 0 r 0 r
4.6. There are several examples where one can explicitly compute
these Cartan invariants.
 .  .  .EXAMPLE 1. Let g s W 1, 1 and A s D G u g . The simple modulesr
 .  r 4  .for A can be parametrized by X T s 0, 1, . . . , p y 1 . For l g X Tr r
ry1  .let l s l q l p q ??? ql p be its p-adic expansion. Let L l0 1 ry1
 .  .  .denote the simple D G u g -module corresponding to l g X T . Ac-r r
cording to Proposition 2.7 we have
L l ( L l m l1. m l2. m ??? m l ry1. . .  .0 1 2 ry1
It follows that for r s 1,
1, for l s 0,¡ 0~p y 1, for l s 1,dim L l s . 0K ¢p , for l / 0, 1.0
w xFrom 15, Proposition 3.3.1 , we have the following p = p matrices
1 1 0 ??? 0 4 4 2 ??? 2
1 1 0 ??? 0 4 4 2 ??? 2
py40 0 1 ??? 0 2 2 1 ??? 1K s , C s p .1 1. . . . . . . . . .. . . . . . . . . .. . . . . . . . . . 0  0
0 0 0 ??? 1 2 2 1 ??? 1
q  .Since dim V l s p one can easily see from the dimensions of thek irr, r
simple modules above that K is a pr = pr matrix with pry1 blocksr
  4.consisting of the matrix K i.e., K s diag K , K , . . . , K . Moreover,1 r 1 1 1
 .D T is semisimple which implies that J is the identity matrix. Hence,r r
C C ??? C1 1 1
C C ??? C1 1 1T  ry1. py3.C s K AK s p .. . . .r r r . . . .. . . . 0
C C ??? C1 1 1
 .  .  .EXAMPLE 2. For m s W 2, 1 and H 2, 1 one knows the simple GL 2 -r
 .and SL 2 -modules and their characters. Moreover, the characters ofr
q  .Z l are known in general. This implies that J can be computed andr , 0 r
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using Theorem 4.5 one can compute the Cartan matrix C explicitly. Forr
w xthe computation where r s 1 we refer the reader to 15, Theorem 3.3.3
w xand 7, Theorem 4.6 .
4.7. In Theorem 4.5 it was shown that the Cartan matrix of the
restricted enveloping algebra of a Lie algebra of Cartan type can be
computed if the decomposition matrix J for the reductiverclassical gr 0
component is known. The solution to the latter problem is conjecturally
w xgiven by the Lusztig conjecture 10, II 7.20 . It is amusing to note that
 .  .computing characters of simple or injective modules for D T u g is
actually equivalent to computing the characters of simple modules for
reductive groups of types A and C.
 .THEOREM. Let g s X m, 1 , where X is W, S, H, K, CS, or CH and let
 .G be the corresponding maximal reducti¨ e subgroup of G ( Aut g . The0
following problems are equi¨ alent:
 .  .  .a For G determine ch L l for all l g X T .0 q
Ã .  .  .  .b For G T determine ch L l for all l g X T .0 1 1
Ã .  .  .  .c For G T determine ch Q l for all l g X T .0 1 1
Ã .  .  .  .  .d For D G u g determine ch L l for all l g X T .q
Ã .  .  .  .  .e For D T u g determine ch L l for all l g X T .1
Ã .  .  .  .  .f For D T u g determine ch Q l for all l g X T .1
 .  .  .Proof. The equivalence of a , b , and c is well known for reductive
 .  .groups. First we will show that e m f . From Proposition 4.1,
y yÃ Ã Ã Ãch Q l s Q l : Z m ch Z m .  .  .  .1 1 1 1
m
q yÃ Ã Ãs Z m : L l ch Z m . .  .  . 1 1
m
Ãy .  .Since ch Z m is known for all m g X T this implies that computing1
Ã Ãq Ã . w  .  .x  .ch Q l is equivalent to computing Z m : L l for all l, m g X T .1 1 1
Ãq Ãq Ã Ã . w  .  .x  .However, ch Z s s  Z s : L t ch L t and because the change1 r 1 1 1
Ãq Ã  .  .4   .  .4of basis matrix between Z g : g g X T and L g : g g X T is1 1
Ãq Ãw  .  .xunipotent upper triangular it follows that computing Z m : L l for1 1
Ã .  .  .all l, m g X T is equivalent to computing ch L t for all t g X T .1
 .  .Next we prove that b m f . Without a loss of generality we may
Ã y .  .  .assume that l g L, for if l f L, then L l ( u n m L l as T-mod-1
y Ã .  .ules, and since ch u n is known the computations of ch L l and1
Ã Ã .  .ch L l are equivalent. On the other hand, if l g L, then L l corre-1 1
sponds to taking an exterior power of the natural representation for
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Ã . .  .D G T so ch L l is already known. Furthermore, the decomposition0 1 1
q  . w xof V l for l g L given in 6, 7, 15, 19 can be considered as airr, 1
 .  .  .D T u g -decomposition. An explicit basis for L l for l g L is given1
 wand the character can easily be computed e.g., see 15, Theorem 2.5.4 and
x .2.5.5 for type W .
 .  .  .Finally one can prove that d m e . Clearly, by Proposition 2.7, d «
Ã .  .  .e . On the other hand, suppose that ch L l is known for all l g X T .1
Ã .  .  .From the preceding paragraph we have that e « b so ch L l is1
 .  .known for all l g X T . From Proposition 2.7 it follows that ch L l can
 .be computed for all l g X T .q
 .  .5. EXTENSIONS BETWEEN SIMPLE D G u g -MODULESr
5.1. For reductive groups and Frobenius kernels of reductive groups
the existence of an anti-involution plays a key role in describing the
extensions between simple modules. This anti-involution fixes simple mod-
1   .  .. 1   .  ..ules and yields the property that Ext L l , L m ( Ext L m , L lG G
 . w xfor any l, m g X T 10, II 2.12 . A similar statement also holds forq
simple modules over the Frobenius kernels. Furthermore, one can reduce
the computation of the extensions between simple modules for G resp.
. 0 . wG to computing the second socle layer of the module H m resp.r
Ãy  .xZ m . For Lie algebras of Cartan type the decomposition of the algebra0, r
is asymmetric so no suitable anti-involution exists. The goal of this section
is to prove that one can still compute extensions between simple
 .  .D G T u g -modules by knowing the second radical and socle layers ofr
Ãq Ãy .  .two types of intermediate modules Z m and Z m . We begin with anr r
elementary proposition, which relates extensions between simple
 .  .  .  .D G T u g -modules and simple D G u g -modules.r r
Ã .  .  .  .PROPOSITION. Let A s D G u g and A s D G T u g . If l, m gr r
 .X T , then for i ) 0,r
i i Ã r ÃExt L l , L m ( Ext L l q p n , L m . .  .  .  . .  .Ã[A r r A r r
 .ngX T
 .  .  .  .   r ..Proof. We first note that D G T u g rD G u g ( D T . By usingr r
w x  .the isomorphisms given in 10, I 6.9 for i G 0 and l, m g X T it followsr
that
Ext i L l , L m ( Ext i L l , L m .  .  .  . .  .[A r r A r r n
 r . .ngX T
( Ext i L l , L m r .  . .[ p nA r r
 .ngX T
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i Ã r Ã( Ext L l m p n , L m .  . .Ã[ A r r
 .ngX T
i Ã r Ã( Ext L l q p n , L m . .  . .Ã[ A r r
 .ngX T
Hence, the result holds.
 .5.2. The next result shows that the second socle or radical layers of
the induced and coinduced modules encode all the information about the
Ãextensions of simple A-modules.
Ã  .  .  .PROPOSITION. Let A s D G T u g and l, m g X T .r
1 Ã Ã Ãq Ã .   .  ..   .  ..a If m s l, then Ext L l , L m ( Hom rad Z l , L m .Ã Ã ÃA r r A A r r
 .b If l s m, then
1 Ã Ã Ã Ãy ÃyExt L l , L m ( Hom L l , Z m rSoc Z m . .  .  .  .  . .  .Ã Ã ÃA r r A r r A r
ÃA
qProof. We first note that the functor Coind is exact. By theÃH H0
Frobenius reciprocity
1 Ãq Ã 1 ÃqExt Z l , L m ( Ext l, L m . .  .  . .  .Ã ÃA r r H H r0
Let
Ã0 ª L m ¨ M ª l ª 0 .r
Ã qbe a short exact sequence of H H -modules. Since m s l and all weights0
Ã .of L m are F m, then l is a maximal weight of M and k¨ is anr
Ã qH H -submodule for any 0 / ¨ g M . In particular, we can take ¨ g M0 l l
Ã .such that ¨ f L m , and the map l ª M by sending 1 to ¨ is anr
Ã qH H -module homomorphism, which gives the splitting of the short exact0
1 Ãq Ã  .  ..sequence. Hence, Ext Z l , L m s 0. Now consider the short exactÃA r r
sequence
Ãq Ãq Ã0 ª rad Z l ª Z l ª L l ª 0. .  .  .ÃA r r r
By using the long exact sequence in cohomology and the preceding result,
Ãwe have the following exact sequence of A-modules:
Ã Ã Ãq Ã0 ª Hom L l , L m ª Hom Z l , L m .  .  .  . .  .Ã ÃA r r A r r
Ãq Ã 1 Ã Ãª Hom rad Z l , L m ª Ext L l , L m ª 0. .  .  .  . .  .Ã Ã ÃA A r r A r r
Ãq .The first map is an isomorphism because Z l has the simple headr
Ã .  .L m and the first assertion a follows.r
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In order to prove the second assertion, once again observe that the
ÃA 1 yÃ Ã  .  ..yinduction functor Ind is exact and that Ext L l , Z l (Ã ÃH H A r r01 Ã  . .yExt L l , m . LetÃH H r0
f Ã0 ª m ª M ª L l ª 0 .r
Ã ybe a short exact sequence of H H -modules. Take ¨ g M such that0 l
y Ã y X .f ¨ / 0. Set M9 s H ¨ . Then M9 is an H H -module and dim M s 1.0 l
<Since l s m, M9 l m s 0 and f is injective. On the other hand,M 9
y Ã .  . <H f ¨ s L l implies that f is also onto. Therefore, the inverse ofM 9r
<f gives a splitting of the above short exact sequence. Consequently,M 9
1 Ã Ãy  .  ..  .Ext L l , Z l s 0. The result for part b now follows from applyingÃA r r
the long exact sequence in cohomology to
Ã Ãy Ãy Ãy0 ª L m ª Z m ª Z m rSoc Z m ª 0. .  .  .  .Ãr r r A r
1   .  ..  .In order to calculate Ext L t , L g for t , g g X T one can firstA r r r
1 Ã reduce the problem by Proposition 5.1 to calculating Ext L t qÃA r
r Ã r.  ..  .p n , L g for all n g X T . Set l s t q p n and m s g . If m s l, thenr
one can calculate the dimension of this extension group by using Proposi-
Ãq .  .tion 5.2 a and study the second radical layer of Z l . On the otherr
hand, if l F m, then l s m and in this case the extension group will
Ãy .depend on the second socle layer of Z m . The results above arer
Ãq .illuminating in the sense that the modules Z m are providing ther
information from the reductive g component, i.e.,0
q q qÃ Ã Ã Ã Ã ÃZ s : L d s  Z s : L z V z : L d ; .  .  .  .  .  .r r z 0, r r irr , r r
the weights of simple modules appearing in the second radical layer are
``classically'' linked. On the other hand, the extensions arising from looking
Ãy .at the second socle layer of Z m are the ones that contribute to makingr
 .  .the algebra D G u g have one block.r
APPENDIX: CONSTRUCTION OF FINITE-DIMENSIONAL
 .  .SUBALGEBRAS OF D G u gr
We begin by describing certain subgroups of the automorphism groups
of Lie algebras of Cartan type. The construction used is similar to taking
exponentials. Recall that
 p p :w xA m , 1 s k x , . . . , x r x , . . . , x . 1 m 1 m
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 .   ..  .and g s W m, 1 s Der A m, 1 . Each element D g W m, 1 is uniquely
 .  . m  .determined by D x g A m, 1 , i.e., D s  D x D . We now consideri is1 i i
elements D such that:
 .  .  .A.1 D x s 0 if x appears as a variable in D x for some j, andi i j
 .  . pA.2 D x s 0 for all i.i
 .   ..The condition A.1 implies that D D x s 0 for all i s 1, . . . , m whilei
 .  . .  .the condition A.2 implies that the assignment F t x s x q tD xD i i i
 .  .  .uniquely extends to an algebra homomorphism F t : A m, 1 ª A m, 1D
 .  .  ..  .for any t g k. Moreover, condition A.1 implies that F t D x s D xD i i
 .  .for all i. Therefore, F t is an algebra automorphism with F yt beingD D
the inverse.
 .  .The map F t induces an automorphism of the Lie algebra W m, 1 ,D
 .  . .denoted by F t as well, with the property that F t Y sD D
 .  .  .F t (Y (F yt for all Y g W m, 1 . A direct calculation verifies thatD D
for any t g k,
m
F t D s D y t D D x D . .  .  . .D i i i j j
js1
  ..Set G s Aut A m, 1 . The preceding construction defines an algebraic
group homomorphism F : k s G ª G. This homomorphism makesD a
 .  .W m, 1 into a rational G -module. Under the embedding Lie G :a
 .  .  .W m, 1 , the Lie G -module on W m, 1 coincides with the structure of the
w xadjoint module 13, 2.11 . A direct calculation shows that the image of the
 .  .differential dF : Lie G ª Lie G is kD. Therefore, we have verifiedD a
the following:
 .LEMMA A. Let n : W m, 1 be a commutati¨ e Lie subalgebra with a
 4  .  .basis Y , . . . , Y such that Y satisfies the conditions A.1 and A.2 . Then1 n i
 .there exists a closed algebraic subgroup N : G such that Lie N s n.
 .w2xLet g s X m, 1 for X of type W, S, H, or K. Let G be the reductive0
 .subgroup of Aut g consisting of elements preserving the gradation of g
w x  .and let T be a maximal torus of G . Following 7 , if g / W 1, 1 , then0
there is a restricted Lie subalgebra Q s ny q t q nq of g with theQ Q
following properties.
 . y qA.3 The subspaces n and n are all T-invariant restricted LieQ Q
 . y qsubalgebras of g with t s Lie T . Moreover, n q n is a restrictedQ Q
ideal of Q with trivial restriction.
 . q  . A.4 The set of T-weights of n contains a Z-basis of X T theQ
.character group of T .
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 . qA.5 The subalgebra n satisfies the condition of Lemma A. LetQ
q  . q y qN be the subgroup of Aut g corresponding to n . Then n q n isQ Q Q Q
Nq-invariant.Q
 .For the Lie algebra W m, 1 , let
q  < :  < :n s D i s 1, . . . , m [ x D i ) j ,Q i i j
 < :t s x D i s 1, . . . , m ,i i
q  a < < < :n s x D a s 0, a G 2 .Q 1 1
 .  4 a m a j < <Here a s a , . . . , a g 0, 1, . . . , p y 1 and x s  x , with a s1 m js1 j
m  : a . The symbol represents the linear span of the elements.js1 j
 .  . w xThe conditions A.3 and A.4 follow from 7 and a direct verification.
 . qIn order to show A.5 , for each D g n and t g k,Q
m
F t D s D y t D D x D .  .  . .D i i i j j
js1
s D y tD D x D . .i i 1 1
 .   ..because D x s 0 for all j ) 1. Furthermore, D D x / 0 only ifj i 1
 . . qi ) 1. This implies that F t D g n . For i ) j, we haveD i Q
F t x D s F t x F t D s x D y x D x D . .  .  .  .  . .  .D i j D i D j i j i j 1 1
y q  .The first term is in n and the second term is in n ; thus A.5 follows.Q Q
 .   . < 4Let S m, 1 s D g W m, 1 Dv s 0 , where v s dx n ??? n dx .S S 1 m
 .   .  ..Note that d : A m, 1 ª Hom W m, 1 , A m, 1 is a homomorphismAm , 1.
  ..  .   ..   ..of Aut W m, 1 - and W m, 1 -modules. In particular D d a s d D a
  ..  .  .  .and g d a s d ga , for all a g A m, 1 , D g W m, 1 , and g g
  ..  .  .  .Aut W m, 1 . For each i, j, define D a s D a D y D a D for alli j j i i j
 .  .  .a g A m, 1 . All such elements D a generate S m, 1 as Lie algebra.i j
w xFollowing 7 , we set
y  < :  :n s D j s 1, . . . , m [ x D , i ) j ,Q j i j
 < :t s x D y x D j s 1, . . . , m y 1 ,j j jq1 jq1
q  a a < < < :n s D x s D x D a s 0, a G 3, j ) 1 . .  .Q 1 j j 1 1
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 .  .Like the case of W m, 1 , only A.5 needs to be verified. let D s
 a . q  .D x g n . Observe that F t v s v because1 j Q D S S
F t v s d F t x ??? n d F t x .  .  . .  .D S D 1 D m
s d x q tD x a n dx n ??? n dx . .1 j 2 m
m
as v q t D D x dx n dx n ??? n dx .  . .s i j i 2 m
is2
s v .S
q  .   ..  .Therefore, N : Aut g s Aut S m, 1 . The F t -invariance of theQ D
y q  .ideal n q n follows by the same argument given for W m, 1 .Q Q
 .   . < 4For the type H, we recall H 2 r, 1 s D g W m, 1 Dv s 0 , whereH
r  .m s 2 r and v s  dx n dx . For each f g A m, 1 , setH is1 j jqr
r
D f s D f D y D f D . .  .  . .H j jqr jqr j
js1
w xAgain by 7 , we consider the following Lie subalgebras:
y  < :n s D j s 1, . . . , mQ j
<[ D x x i , j ) r or i F r - j and j y r - i , : .  .H i j
<t s D x x j s 1, . . . , r , : .H j jqr
r
q a a <n s D x s y D x D a s ??? .  .Q H jqr j 1
js1
< <s a s 0, a G 3 .r ;
 a . qFor a fixed a such that D s D x g n , we haveH Q
yD x a , if j F r , .jqrD x s .j  0, if j ) r .
 .  .Therefore, D satisfies the conditions A.1 and A.2 . This yields a closed
q   ..  .reduced algebraic subgroup N of Aut W m, 1 generated by all F t .Q D
q   ..In fact, N is a subgroup of Aut H 2 r, 1 sinceQ
x y tD x a , if j F r , .j jqr
F x s .D j  x , if j ) r ,j
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and
r
F t v s d F t x n d F t x .  .  .  .  . .  .  .D H D j D jqr
js1
r
as d x y tD x n d x .  . .  .j jqr jqr
js1
r r
as v y t D D x dx n dx . H iqr jqr iqr jqr
js1 is1
s v .H
The proof of Nq-invariance of the ideal ny q nq is similar to theQ Q Q
argument for the type W.
 .For the Lie algebra K m, 1 with m s 2 r q 1 and v s dx qK 2 rq1
r  . x dx y x dx , setis1 i iqr iqr i
2 r
D f s 2 f y x D f D .  .K j j 2 rq1 /js1
r
q x D f q D f D .  . .  j m jqr j
js1
q x D f y D f D , .  . . .jqr m j jqr
 .  .which is in K m, 1 for each f g A m, 1 . The Lie subalgebra Q we will
consider is
y < :n s D 1 [ D x j s 1, . . . , 2 r : .  .Q K K j
<[ D x x 2 r G i , j ) r or i F r - j and j y r - i , : .K i j
<  :t s D x x j s 1, . . . , r [ D x , : .  .H j jqr K m
r
q a a <n s D x s y D x D a s ??? .  .Q K jqr j 1
js1
< <s a s a s 0, a G 3, j ) 1 .r 2 rq1 ;
 a . qLet D s D x g n . ThenK Q
2 r r
a a aD s 2 x y x D x D q D x D .  . jqr jqr 2 rq1 jqr j /js1 js1
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and
¡ aD x , if j F r , .jqr
a r a~D x s 2 x y  x D x , if j s 2 r q 1, .  .j js1 jqr jqr¢0, if 2 r q 1 ) j ) r .
 .  .Therefore, D satisfies conditions A.1 and A.2 . Since
¡ ax q tD x , if j F r , .j jqr
a r a~x q t 2 x y  x D x , if j s 2 r q 1,F t x s  . .  .j js1 jqr jqrD j ¢x , if 2 r q 1 ) j ) r ,j
it follows that
F t v s d F t x .  . .D K D 2 rq1
r
q F t x d F t x y F t x D F t x .  .  .  . .  .  .D jqr d j D j d jqr
js1
r
a as d x q t 2 x y x D x .2 rq1 jqr jqr / /js1
r
a aq x d x q tD x y x q tD x dx .  . .  .  .jqr j jqr j jqr jqr
js1
r
as v q t 2 D x d x .  .K jqr jqr
js1
r
a ay D x dx q x d D x .  . .  .jqr jqr jqr jqr
js1
r
a aq x d D x y D x d .  . .  .jqr jqr jqr x jqr /
js1
s v .K
 .  .For any Y g W m, 1 , Y g K m, 1 if and only if Yv s fv for someK K
 .  .  . qf g A m, 1 . This implies that F t Y g K m, 1 . The N -invariance ofD Q
the ideal ny q nq can be easily checked as in the aforementioned cases.Q Q
q  . qPROPOSITION B. Let N be the subgroup of Aut g constructed from nQ Q
for the gi¨ en Lie algebra of Cartan type g.
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 . q qa The subgroup N is T-normal and TN is a sol¨ able algebraicQ Q
group with Lie algebra t q nq. Furthermore, ny q nq is TNq-in¨ariant.Q Q Q Q
 .  q. .  q. .  y.  q. .b Dist TN s D TN normalizes u n D N .Q r Q r Q Q r
 .  . y1 qProof. a We need to show that gF t g g N for all g g T andD Q
all D in a generating set of nq. By the choice of D, we have g ( D(Q
y1  .g s l g D for all g g T with l being the T-weight of the element D.
A direct calculation shows that
g (F t ( gy1 x s x q tl g D x .  .  .  .D i i i
 . y1   . .for all g g T and g (F t ( g s F l g t . Furthermore, by the con-D D
struction, we see that both T and Nq stabilize ny q nq.Q Q Q
 .  y.  q. . qb It suffices to prove that u n D N is TN -invariant withQ Q r Q
 .  .action defined as the restriction of the G-action on D G u g as algebra
automorphisms. Since Nq acts on ny q nq as automorphisms of re-Q Q Q
 y q.  y.  q. qstricted Lie algebra, it follows that u n q n s u n u n is N -in-Q Q Q Q Q
w  .x  q.  y q.variant as a subspace of u g . Thus, D N acts on u n q n , andQ Q Q
 y.  q.  .  .  q.u n D N : u g D G is also D N -invariant. A similar argumentQ Q Q
 y.  q.  .shows that u n D N is D T -invariant. The proposition now followsQ Q
q q .from the fact that N is TN -invariant.Q r Q
 .  q. . y  y.  . q  q. .Let S s u Q D TN , S s u n , S s D T , and S s D NQ r Q 0 r Q r
 .  . y qbe finite-dimensional Hopf subalgebras of D G u g . Then S s S S S0
 y q.  q. .and S9 s u n q n D N is a normal Hopf subalgebra of S. NoteQ Q Q r
 X .  .that the quotient Hopf algebra Sr SS ( D T . The only simple S9-q r
wmodule is the one-dimensional trivial module. This follows from 11,
 .x  y q. q4.8 iii and the fact that the only simple modules for u n q n and NQ Q Q
are the trivial modules. Therefore, the set of simple S-modules consists of
w  . xprecisely the simple T -modules i.e., D T -modules .r r
 .  q. .PROPOSITION C. Let S s u Q D TN .Q r
 .a All simple S-modules are obtained from simple S -modules ¨ia the0
homomorphism S ª S .0
 .  q. .b The T -module D N contains all simple T -modules as compo-r Q r r
sition factors with exactly the same multiplicity.
Proof. Note that nq is Abelian and one can directly check that Nq isQ Q
also Abelian. The conjugation action of T on Nq can be decomposed intoQ
a direct product of T-invariant subgroups, which are isomorphic to G , anda
q  4on which T acts via a character. The T-module n has a basis Y , . . . , YQ 1 s
with Y s as T-weight vectors. Let D s Y be of weight x . The subgroupi i
  . < 4 qN s F t t g k ( k is a subgroup of N on which T acts via thatD D Q
 .  .character x . Therefore, T acts on Dist N s D N , which has a basisD D
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 < 4 w x  j.g n g N . Here g : k X ª k such that g X s d , and g has then n n n j n
 .  . . p r yn xT-weight ynx g X T . Hence, D N has T-character  e gD r ns0
w  .x q s  q. .Z X T . A direct calculation shows that N s  N and D N sQ is1 Y Q ris  . . s  p r yn x i.m D N , which has T-character   e .Y r is1 ns0is1 i w x qIt is shown in 7 that there exist elements Y , . . . , Y in n with1 l Q
 . lT-weights m , . . . , m , which form a Z-basis of X T . Thus, N s  N1 n 1 is1 Yiq  . .is a subgroup of N and D N contains each irreducible T -moduleQ 1 r r
exactly once. By extending the above elements to a basis of nq withQ
T-weight vectors, we can find a subgroup N of Nq such that Nq s N =2 Q Q 2
 q. .  . .  . .N and D N s D N m D N as T -modules. Now one can1 Q r 2 r 1 r r
check directly that all simple T -modules appear exactly the same numberr
 . .  . . w  .xof times by using the fact that m ? ch D N s ch D N in Z X T1 r 1 r r
 .for any m g X T .r
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